This article focuses on the active vibration control of a kind of two-connected piezoelectric flexible plate. A finite element model of the connected plate integrated with distributed piezoelectric sensors and actuators is derived, including bending and torsional vibrations. In this model, two connected hinges are simplified as regular plate elements to facilitate the system. A modified optimization method based on the energy dissipation rate is used for the optimal placement of piezoelectric sensors and actuators. The bending and torsional vibrations of the two-connected plate can be decoupled on measurement and driving control, due to the appropriate placement of the lead zirconate titanate sensors and actuators. The proportional and derivative control, the proposed nonlinear controller, and T-S fuzzy control algorithms are applied to suppress the bending and torsional vibrations of the two-connected plate. The numerical simulation and experimental results demonstrate that the last two control algorithms can suppress the low-order bending and torsional vibration more effectively than that of the designed proportional and derivative control algorithm.
Introduction
Flexible structures of spacecrafts, such as solar panels, possess the characteristics of lightweight, low stiffness, small damping ratio, and large span. In general, solar panels consist of several plates, and they are connected by hinges. The low-frequency vibration will be easily excited and last for a long time due to parameter uncertainties and environment disturbances. If the vibration is not suppressed effectively, the pointing accuracy of the spacecraft will be decreased. Moreover, the damage of the structures may be unavoidably caused (Jones and Spence, 2011; Li, 2010) .
The main researches in existing technologies for active vibration control include the research of materials and devices used for vibration control, modeling the system, optimal placement of sensors/actuators, and control algorithms (Bandyopadhyay et al., 2007) . In the previous work, the solar panel was mostly simplified as a single flexible beam or plate; thus, the effect of the connecting hinges was neglected (Matsuno et al., 1996) . If the hinged joints of the actual structure are considered, the model of the connected plate will be more complicated. Jiang and Li (2010) presented a finite element model coupled with the mechanical and electrical response of the solar array. In their work, the tripod and the joints of the solar array were modeled using the three-dimensional (3D) beam element. Kojima et al. (2008) presented a mathematical model by assuming that the spacecraft was composed of a main rigid body and flexible appendages, consisting of a number of rigid plates connected by torsional hinges. Kim et al. (1997) used a simple beam-string model for space station photovoltaic arrays, and dynamic response analysis was carried out to verify the validity of the model.
In recent years, piezoelectric materials, such as lead zirconate titanate (PZT) sensors/actuators, have been used extensively as distributed sensors and actuators for vibration control of flexible plate structures (Qiu et al., 2007; Xie et al., 2011) . Besides analytical methods, the finite element modeling method for smart plate structures was investigated by some researchers (Chandrashekhara and Bhatia, 1993; Lam et al., 1997; Yasin et al., 2010) . Lam et al. (1997) provided a finite element model for a composite plate bonded with distributed piezoelectric sensors and actuators. The equation of motion was derived from the variation principle, taking into account the piezoelectric patches' mass and stiffness. Chandrashekhara and Bhatia (1993) developed a piezoelectric finite element model using the first-order shear deformation theory in conjunction with linear piezoelectric theory. Yasin et al. (2010) used extended Hamilton's principle to build the model of smart plate equipped with patched piezoelectric sensors and actuators. Linear variation of electric potential across the piezoelectric layers in thickness direction was also considered.
The optimal placement of the piezoelectric sensors and actuators is of great significance for vibration control. A reasonable placement of piezoelectric sensors and actuators can achieve the best control effect with the least number of sensors and actuators. Furthermore, observation and control spillover can be avoided to a certain degree. Many researchers have investigated in this field. Various optimization criteria are used for optimal placement of piezoelectric sensors and actuators on smart structures. The optimization criteria include maximizing modal forces/moments, maximizing deflection of the host structure, minimizing control effort or maximizing energy dissipated, maximizing the degree of controllability or observability (Gupta et al., 2010) . Bruant et al. (2010) used genetic algorithms (GAs) to find effective locations of piezoelectric sensors and actuators of a smart composite plate. The locations of both sensors and actuators are determined by considering the controllability, observability, and spillover prevention (Han and Lee, 1999) . Yan and Yam (2002) used eigenvalue distribution of the energy correlation matrix of the control input force to determine the optimal number of actuators required, and GAs were adopted to search the optimal locations of actuators. Two modified optimization criteria based on the energy dissipation were used by Bruant et al. (2010) . This method ensures good observability or controllability of the structure, simultaneously considering residual modes to limit the spillover effect. Halim and Reza Moheimani (2003) used modal and spatial controllability measures to find the optimal location for piezoelectric actuators and sensors on the plate. It is found that the optimal placement of actuators by this method will not damage the observability performance of the collocated sensors. Li et al. (2004) investigated the optimal design of the numbers and positions of actuators using a two-level GA. Nestorovic´and Trajkov (2013) and Qiu et al. (2007) carried out optimal actuator and sensor placement for large flexible structures using H 2 and H N norms. A linear programming method was also used to investigate the topology optimization problem of piezoelectric actuators by Silva et al. (1999) and Ko¨gl et al. (2005) .
Besides optimal placement of sensors and actuators, control algorithms are the core part of the active vibration control and fundamentally determine the control effect. Many control algorithms were used to suppress the excited vibration, such as an independent modal space control (Baz and Poh, 1988) , robust control (Kar et al., 2000; Shimon et al., 2005) , adaptive control (Maganti and Singh, 2007) , and fuzzy control (Lin and Liu, 2006; Lin and Zheng, 2012) . Baz and Poh (1988) proposed a modified independent modal space control (MIMSC) method to control the vibration of a flexible beam by selecting the optimal location, control gains, and excitation voltage of the piezoelectric actuators. Kar et al. (2000) investigated the bending and torsional vibration control of a flexible plate structure using H N robust control method. Shimon et al. (2005) developed an H N control algorithm for active vibration control of a clamped square plate. Two control algorithms, including positive velocity feedback and H N control, and two types of actuators, including an inertial actuator and a distributed strain actuator, were used to develop four control architectures. The result shows that the H N controller using the distributed strain actuator can obtain the best control effect. Maganti and Singh (2007) presented a new simplified adaptive control algorithm for the rotational maneuver and vibration suppression of an orbiting spacecraft with flexible appendages. The fuzzy logic controller was also used to suppress the vibration of the smart structure using piezoelectric actuator/sensor pairs (Lin and Liu, 2006; Lin and Zheng, 2012) .
It can be found from the references that the large amplitude vibration of large flexible structures can be suppressed to small amplitude vibration quickly. However, the small amplitude vibration will last for a long time without effective control. Nonlinear control algorithms can be used to obtain a better control performance due to suppressing small amplitude vibration effectively (Ma, 2003; Qiu and De-fang, 2012; Seraji, 1997) . Seraji (1997) proposed a class of simple nonlinear proportional-integral-derivative (PID) controller and provided a formal treatment of their stability analysis. Qiu and De-fang (2012) proposed a new nonlinear control algorithm to suppress the vibration of a piezoelectric cantilever plate. Both the larger and the smaller amplitude vibrations were suppressed effectively. Ma (2003) presented an adaptive nonlinear control scheme to investigate the vibration reduction of the clamped rectangular plate with bonded piezoelectric ceramic patches. This algorithm introduces a nonlinear function into the normal adaptive feedforward control algorithm to nonlinearize a reference signal. The significant vibration reduction was achieved by the adaptive nonlinear control algorithm.
Compared with some previous investigations of active vibration control of the piezoelectric flexible plate, the major originalities and the contributions of the present work are listed as follows:
The first is to present a kind of two-connected piezoelectric flexible plate structure as the research object for active vibration control, including bending vibration and torsional vibration. The connecting hinges are simplified as flexible plate elements. Finite element method (FEM) is applied to obtain the model of the two-connected piezoelectric flexible plate. The obtained model is utilized in the subsequent optimal placement and control simulation. The second is related to the optimal placement of piezoelectric sensors and actuators using a modified optimization method. After optimal placement of the PZT sensors/actuators, the bending and torsional vibrations of the two-connected flexible plate can be decoupled on measurement and driving control. The third is related to the control algorithms design and application to the presented two-connected plate. To suppress the bending and torsional vibrations of the two-connected flexible plate, three control algorithms are designed and applied, including the classical proportional-derivative (PD) control, a kind of proposed nonlinear controller, and T-S fuzzy control algorithms. The fourth is related to constructing a two-connected piezoelectric plate apparatus. Experiments are conducted to validate the optimal placement of piezoelectric sensors/actuators and the investigated controllers. Similarly, simulation and experimental comparison studies are carried out to verify the advantage of the designed control methods.
The rest of this article is organized as follows: In section ''Modeling of the two-connected plate,'' a finite element model of the two-connected flexible plate with piezoelectric sensors and actuators is developed. In section ''Optimal placement of the piezoelectric sensors/ actuators,'' a modified optimization method based on the energy dissipation rate is used for the optimal placement of the piezoelectric sensors and actuators. Modal analysis of the two-connected plate is also obtained. In section ''Controller design and simulations,'' control algorithms are designed, and numerical simulations are carried out. The experimental results are presented in section ''Experiments.'' Finally, conclusions are drawn in section ''Conclusion.''
Modeling of the two-connected plate
The four-node rectangular plate element is used in the modeling of the two-connected plate. There are three degrees of freedom (DOFs) at each node, written as w, u x , and u y . Where w denotes the transverse deflection; u x = ∂w=∂y and u y = À ∂w=∂x are the rotation angles related to x-axis and y-axis, respectively. Thus, each plate element has 12 DOFs. The dynamic equations of the plate element with piezoelectric sensor and actuator can be derived using Hamilton's principle (Lam et al., 1997; Qiu and De-fang, 2012 )
and
where d e is the element nodal displacement vector; M e represents the element mass matrix; m b , m s , and m a denote the element mass matrix of the host plate, the piezoelectric sensor, and actuator, respectively; K e represents the element stiffness matrix; k b , k s , and k a represent the element stiffness matrix of the host plate, the piezoelectric sensor, and actuator, respectively; F e A is the element driving force vector; k av and V a are the element control force coefficient vector and the control voltage applied to the PZT actuator, respectively.
Altogether four kinds of elements are utilized in the modeling of the two-connected plate. They are double-sided piezoelectric actuator plate element, double-sided piezoelectric sensor plate element, single-sided piezoelectric sensor plate element, and regular plate element without bonding PZT patches. For the two-connected plate investigated in this article, the hinges and the elements without bonded PZT patches are treated as the regular plate elements. The elements with double-sided PZT sensors or actuators are treated as the double-sided piezoelectric sensor plate elements and the double-sided piezoelectric actuator plate elements. The elements with singlesided PZT sensors are treated as the single-sided piezoelectric sensor plate elements.
The dynamics equation of the regular plate element can be written as
where M The sensing equation of the piezoelectric element can be expressed as (Chandrashekhara and Bhatia, 1993) 
where V s e (t) is the element output voltage and k sv is an element sensor coefficient vector.
The element and node numbering of the twoconnected plate are shown in Figure 1 . For simplicity, the mass and stiffness of the adhesive between the master structure and the PZT patches are neglected. The grids of the two-connected plate are carefully divided. Each of the two flexible plates is divided into 297 elements. Each of the two connecting plates is divided into three elements.
Assembling the elements of the two-connected piezoelectric flexible plate, considering the Rayleigh damping effect, the assembled global dynamic equation is obtained as
where M is the global mass matrix; K is the global stiffness matrix; F A is the control force vector; d is the nodal displacement vector; D = aM + bK is the damping matrix, in which a and b are constants. After assembling, the piezoelectric sensing equation can be expressed as
where K sv is the global sensor coefficient vector. Utilizing a modal coordinate transformation d = Fq, the state-space model of the system is obtained as
where Optimal placement of the piezoelectric sensors/actuators
Placement performance indices and simulation results
In this section, a modified optimization criterion based on the energy dissipation rate is used to conduct the optimal placement of piezoelectric sensors and actuators (Bruant et al., 2010) . The optimization criteria correspond to the controllability and observability Gramian matrix. The residual modes are also considered to prevent control and observation spillover.
The controllability Gramian matrix of the system is defined as (Bruant et al., 2010; Zhou et al., 1996) 
Then, the controllability Gramian matrix component of the ith mode can be expressed as (Bruant et al., 2010) 
where i is the order of the mode, i = 1, 2, . . . , N , N + 1, . . . , N + N R ; j represents the jth actuator; w i represents the modal frequency of the ith order; j i represents the modal damping ratio of the ith order; b ij is the corresponding parameter in the matrix B; N a is the number of actuators; N is the number of controlled modes; and N R is the number of the residual modes. The controllability Gramian matrix component (W c ) ii represents the energy transmitted from the actuators to structure for the ith mode. For the control
ii . Based on the idea of Bruant et al. (2010) , an optimization method is investigated. The residual modes are taken into account for bending vibration. Then, the optimization criteria of the actuators for bending vibration can be expressed as
where l bi is the weighting coefficient for the ith bending mode, 0\l bi \1; it reflects the importance of the targeted mode for bending vibration; A i is the position of the ith piezoelectric actuator; max
ii represents the maximum energy dissipation when piezoelectric actuator is located in a different position; and
) ii ) denotes the energy dissipation rate of the ith bending mode of vibration.
For torsional vibration, the residual modes have a relatively small influence. Therefore, they can be neglected. The optimization criteria of the torsional actuator can be expressed as
where l ti is the weighting coefficient for the ith torsional mode, and there is P N i = 1 l i = 1; it reflects the importance of the corresponding mode for torsional vibration.
The advantage of the energy dissipation method is that all the targeted modes are considered in the same range. The residual modes are also considered for bending vibration, and the importance of each mode can be adjusted by changing weighting coefficients.
As shown in Figure 1 , the two-connected plate structure is connected by two flexible plates, and each of the connecting hinges is simplified as three plate elements. Each flexible plate is divided into 9 possible placement positions in the longitudinal direction, and it is divided into 11 possible placement positions in the width direction. Then, the flexible two-connected plate can get 18 3 11 = 198 possible placement locations.
The first five modes of the two-connected plate can be obtained by the modal truncation method. From the analyses of mode shapes, it can be known that the first and third modes are bending vibration corresponding to the first and the second bending modes, and the second and fourth modes are torsional vibration corresponding to the first and the second torsional modes, respectively. The fifth mode is not a bending vibration mode, but it can be controlled by bending mode actuators. Thus, it is incorporated into the vibration of the bending mode for analyzing optimal placement.
In this investigation, the optimal placement of the piezoelectric actuator is performed by the energy dissipation method. According to Figure 1 , each plate is divided into nine elements in the x direction and 11 elements in the y direction (three elements are incorporated into one element). The two-connected plate utilizes 18 3 11 elements, as shown in Figure 2 . The performance indices as shown in Figure 2 exhibit the distributed trends for the piezoelectric actuators/ sensors.
For bending vibration, the first two bending modes are obtained as control modes and the fifth mode is treated as residual mode. The weights of the three modes are chosen as l b1 = 0:6, l b2 = 0:4, and l b3 = 0:1. Finally, the performance index value of the bending mode actuators in different placement position is shown in Figure 2 (a). It can be calculated by equation (15).
For torsional vibration, the first two torsional modes are obtained as control modes and the residual vibration modes are neglected. The weights of the two considered modes are chosen as l t1 = 0:5 and l t2 = 0:4. Finally, the performance index value of the torsional mode actuators in different placement position is shown in Figure 2 (b). It can be calculated by equation (16). The larger value of the performance indices means the better control effect of the piezoelectric actuator. Figure 2 (a) demonstrates that the clamped side of the flexible connected plate and the vicinity of the connecting hinges are reasonable placement positions for the bending mode actuators. It can obtain a better control effect for bending mode vibration. From Figure  2 (a), one finds that the magnitude of the elements in the first row in x direction is low compared to those of the second row. In general, the root may be the most effective location for the fixed boundary condition. The rational explanation for this is that the strain is a little smaller in the first row in x direction than the others in the first column in y direction. The maximum performance index locates in the middle of the y direction at the clamped side. The strain distribution can be known using ANSYS commercial software. Likewise, the stain obtained using the finite element calculation can meet the similar rule. The optimization criteria correspond to the strain, and the model is also obtained using FEM. Therefore, it seems curious comparing to the shape of the first mode.
Figure 2(b) demonstrates that the clamped side of the flexible connected plate is the best placement position for the torsional mode actuators in the longitudinal direction, followed by the vicinity of the connecting hinges. In the width direction, the edge of the connected plate is an optimal placement position. The analysis shows that the connecting hinges lead to mutation of performance indices at the connection position. It affects the placement of the piezoelectric actuator for the connected plate.
The location optimal placement of the piezoelectric sensors can be obtained by the same method as that of the piezoelectric actuators. The analysis result is similar to the piezoelectric actuator and it is not discussed here.
Description of the two-connected plate system
The schematic diagram of the two-connected plate system is shown in Figure 3 . The locations of the piezoelectric sensors and actuators are based on the results of the previous optimal placement. The decoupling of the bending and torsional vibration on measurement and driving is also considered. In the process of optimal placement for the two-connected plate, the optimal locations of piezoelectric sensors and actuators for bending mode and torsional mode are coincident. The vibration of the first bending mode is the dominant mode. First, optimal placement of the bending mode sensors/actuators should be considered. According to the results of the optimal placement, the clamped side of the connected plate is an optimal placement position for the bending mode actuator. PZT patches numbered 1-8 are used as one-channel bending mode actuator by connecting the signal line in parallel, bonded on the connected plate close to the clamped side. PZT patch 9 is used as a bending mode sensor to measure the bending vibration, bonded on the center of the plate in the width direction close to the clamped side. The torsional vibration is very small in this position, so the disturbance of the torsional vibration is eliminated.
The clamped side of the two-connected plate is also the best location for torsional sensors and actuators. Since the sensors and actuators for bending vibration are bonded on this position, PZT patches numbered 14, 15, 20, and 21 are used as torsional sensors bonded on the vicinity of the connecting hinges to measure the torsional vibration. Thus, the mutual interference between the bending and torsional vibration can be reduced on measurement. In addition, PZT patches numbered 16-19 can also be used as torsional mode sensors. It is similar to PZT patches numbered 14, 15, 20, and 21. If the torsional mode sensors and actuators are bonded too close, the local control problem will be caused by local stress concentration. Torsional mode sensors and actuators must be separated. That is to say, non-collocated placement should be considered. So PZT patches 10-13 are used as torsional mode actuators bonded in the middle-edge of the first flexible plate. From the calculated performance index, as shown in Figure 2 (b), the actuator locations for torsional modes are not the best locations. However, it is still useful for actuating the torsional motion. Because the torsional actuator is not bonded on the place with the best performance index, the torsional vibration suppression will take a long time. This will be verified from the subsequent simulations and experiments.
All the piezoelectric patches used for suppressing torsional vibration are bonded symmetrically on both surfaces of the plate except piezoelectric patch 9 used as the sensor to measure the bending vibration. The polarity of the signal lines on both surfaces is opposite. PZT patches 14, 15, 20, and 21 are bonded symmetrically along the centerline of the connected plate in the width direction. The phase of the bending vibration signal measured by patches on symmetrical positions is the same, while the phase of the torsional vibration signal is opposite. If the signal lines of the piezoelectric sensors on symmetrical positions are connected in opposite phase, the bending vibration signal will be offset. Thus, the torsional vibration signal is obtained, and the bending vibration signal contained in the sensor will be depressed.
The working principle of the torsional mode actuator is shown in Figure 4 . Where M is the driving torque. PZT patches 10-13 are also bonded symmetrically along the centerline of the connected plate in the width direction. If the phase of control voltage applied to the PZT patches on symmetrical positions is opposite, the driving torques produced on symmetrical positions will also be opposite. Thus, the torsional vibration can be suppressed.
The connected plate system shown in Figure 3 includes two channels. They are the measurement and control channels for bending vibration and torsional vibration. In the working process, the bending and torsional mode sensors measure the bending and torsional vibration signals and send it into charge amplifiers for signal amplification. Then the signals are sent to the computer through analog-to-digital (A/D) conversion. The computer generates the bending and torsional control signals and converts the digital signals into analog signals through digital-to-analog (D/A) conversion. Then, the control voltages are amplified by the voltage amplifiers and applied to the bending and torsional actuators. Driving torques are generated by actuators and then used to suppress bending and torsional vibrations.
Modal analysis of the two-connected plate system
The geometric dimensions of the two-connected plate are listed in Table 1 . The material of the plates is fiber epoxy resin. Its physical parameters are listed in Table 2 . The physical parameters of PZT patches are listed in Table 3 . Using FEM modeling with program calculation and the ANSYS commercial software, the modal frequencies of the two-connected plate system are obtained as listed in Table 4 .
This research focuses on comparing all the modal analysis results with two calculated methods. Comparing the modal analysis of the two methods, the modal shapes of the first four orders are almost the same. The first and third modes are bending modes, and the second and fourth modes are torsional modes.
The maximum relative error of modal frequencies of the first four modes of vibration between the two calculated methods is less than 9.5%. The relative errors between two calculated methods are caused by the difference of meshing. The free meshing method is used when using ANSYS software. The rectangular mesh is applied in the program calculation. The mesh grid density of the two-connected plate has a greater influence on the third mode, as compared with the other three ones. Therefore, the relative error of the third modal frequencies between two calculated methods is a little larger. The relative error is acceptable for analyses. Thus, the obtained model by the modeling method can be used to design controllers via numerical simulation.
Controller design and simulations

Nonlinear control algorithm
There exist various nonlinear factors, such as the construction of the two-connected plate, the pasting of the PZT patches, the saturation, and dead zone nonlinearity of the actuators. When the linear control algorithm is used for vibration control of the two-connected plate, it can be found that the larger amplitude vibration can be suppressed to smaller amplitude quickly, but the small amplitude vibrations will last for a long time. Therefore, a kind of nonlinear control algorithm is proposed to speed up the attenuation rate of the small amplitude vibrations and is compared with that of the PD control algorithm. The classical PD control algorithm can be expressed as
where k p1 .0 is the proportional controller gain, k d1 .0 is the differential controller gain, t is the time, e(t) is the error signal, and u 1 (t) is the control voltage.
The nonlinear control algorithm is based on a nonlinear gain adjusted online with the control error and time. The nonlinear control gain is combined with the PD control algorithm. The nonlinear control law is expressed as (Qiu and De-fang, 2012; Seraji, 1997) 
where k p2 .0 and k d2 .0 are the fixed proportional control gain and the fixed differential control gain, respectively; k½e(t), t is the nonlinear gain changed with the error signal and time.
The nonlinear gain is constructed as (Qiu and De-fang, 2012) 
where k 1 ½e(t) is the nonlinear control gain changed with the error and k 2 (t) is the nonlinear gain changed with time.
The nonlinear control gains are, respectively, expressed as
where a, b, c, r, and b are the corresponding parameters selected for the nonlinear control gains. The curve of nonlinear gain curve k 1 ½e(t) is illustrated in Figure 5 (a). When the error e(t) ! 0, k 1 ½e(t) obtains the maximum value a + b. k 1 ½e(t) gradually decreases with the increasing of the je(t)j and obtains the minimum value a when the error e(t) ! 6'. Parameter c is used to adjust the change rate of the nonlinear gain k 1 ½e(t). When the value of c is chosen as c 1 , c 2 , c 3 , and c 1 .c 2 .c 3 , from Figure 5 (a), one finds Figure 5 . Nonlinear gain curve of k 1 ½e(t) and k 2 (t): (a) nonlinear gain k 1 ½e(t) and (b) nonlinear gain k 2 (t).
that the change rate of the curve gradually increases with the increasing of parameter c. The nonlinear control gain k 1 ½e(t) is limited within the range ½a, a + b and its change rate can be adjusted by selecting the parameter c. The regulation law ensures that the control voltage is decreased more slowly with the decrease of the vibration amplitude. Thus, the system can still maintain a strong control voltage when the vibration is suppressed to smaller amplitude and the smaller amplitude vibration can also be suppressed effectively.
The curve of nonlinear gain curve k 2 (t) is shown in Figure 5 (b). From Figure 5 (b), one finds that when the control time t ! 0, k 2 (t) obtains the minimum value r=(b + g 1 ). The nonlinear control gain k 2 (t) increases with the increasing of the time t and obtains the maximum value r=b when the time t ! + '. g 2 is used to adjust the change rate of the nonlinear gain k 2 (t). When the value of g 2 is obtained as g 21 , g 22 , g 23 , and g 21 .g 22 .g 23 , it can be found that the change rate of the curve increases with the increasing of the value g 2 , as shown in Figure 5 (b). From Figure 5 (b), one finds that the nonlinear control gain k 2 (t) changes within the range ½r=(b + g 1 ), r=b and its change rate can be adjusted by selecting the parameter g 2 . The regulation law ensures that the control voltage is decreased more slowly with the increase of the time. Thus, the system can maintain a strong control voltage when the control volume is applied for a certain time. After a certain time, k 2 (t) maintained at close to r=b with a small change, which keeps the system more stable.
According to equations (19) to (21), the designed nonlinear controller can make full use of the control ability of the actuators and maintain the stability of the system using the nonlinear control gains k 1 ½e(t) and k 2 (t). The parameters used in the nonlinear gains k 1 ½e(t) and k 2 (t) should be selected appropriately and can be adjusted in the subsequent simulation and experiments.
For PD control algorithm, if the proportional gain k p1 and the derivative gain k d2 are selected in a certain range, the stability of the closed-loop system can be guaranteed. The nonlinear control algorithm is the combination of the nonlinear gain and the PD control algorithm. Therefore, if the nonlinear control gains k½e(t), t Á k p2 and k½e(t), t Á k d2 are limited in a certain range, the stability of the closed-loop control system can also be guaranteed.
T-S fuzzy control algorithm
Assuming that the input vector is x = ½ x 1 x 2 Á Á Á x n T , the language rules of the T-S fuzzy model can be expressed as (Marie Guerra and Vermeiren, 2001; Takagi and Sugeno, 1985) R l : if x 1 is F 1 l and x 2 is F 2 l and . . . and x n is F 1 l , then
where F l i is the fuzzy sets, l = 1, 2, . . . , M, in which M is the total number of fuzzy rules; y l is the output of the lth rule, that is, the linear combination of input vector x; and w l i is the consequent parameters in the fuzzy rules.
The consequent parameters in the T-S fuzzy rules are adjusted as the change of the input variables. A single rule is expressed as a linear function, but a nonlinear relationship is achieved by the combination of multiple rules.
Product inference engine, singleton fuzzifier, and center average defuzzifier methods are used to calculate the output of the T-S fuzzy logic system. The output can be expressed as (Marie Guerra and Vermeiren, 2001)
It can also be expressed as
The error and error change rate are chosen as the two inputs of the T-S fuzzy controller. The fuzzy language variables of error e(t) and error variation rate ec(t) can be expressed as E and EC, respectively. Language variables E and EC are divided into ''Positive Big,'' ''Positive Middle,'' ''Positive Small,'' ''Zeros,'' ''Negative Small,'' ''Negative Middle,'' and ''Negative Big'' fuzzy subsets, respectively, expressed as ''PB,'' ''PM,'' ''PS,'' ''ZO,'' ''NS,'' ''NM,'' and ''NB,'' respectively. Then the universe of language variable E and EC can be chosen as fÀ3 À2 À1 0 1 2 3g. Assuming that the universe of error e(t) and error change ec(t) are ½Àjej max , jej max and ½Àjecj max , jecj max , then the quantization factor can be obtained as k e =3=jej max and k ec =3=jecj max .
A Gaussian membership function is used. The expression of Gaussian membership function can be expressed as
where u is the center of the curve drawn from Gaussian membership function and d decides the variety rate of the curve. The selection of the consequent parameters w where w 1 , w 2 , w 3 , w 4 , w 5 , w 6 , and w 7 are matrices (7 3 3). The bending T-S fuzzy controller and the torsional T-S fuzzy controller should be designed separately. The consequent parameter matrix w of the bending and torsional controllers are written as ww and wt, respectively. They can be expressed as 
Finally, the T-S fuzzy controller of the connected plate can be obtained. The output of the controller is expressed as
Simulation results of vibration suppression
The PD control algorithm, the nonlinear control algorithm, and T-S fuzzy control algorithm are used for vibration control simulation of the two-connected plate based on the mathematical model obtained using FEM. The first three vibration modes are targeted as the control modes, namely, the first two bending modes and the first torsional mode. The measured output is limited to 210 to + 10 V and the control voltage is limited to 2260 to + 260 V. For the design of T-S fuzzy controller, the corresponding parameters are chosen as The time-domain free vibration responses of the first bending mode, the first two bending modes and the first torsional mode are shown in Figure 6 (a) to (c), respectively. It can be seen that the vibration will last for a long time.
Figures 7(a), 8(a), and 9(a) show the controlled vibration responses of the first bending mode, using PD control, nonlinear control, and T-S fuzzy control, respectively. Figures 7(b), 8(b) , and 9(b) depict the corresponding control voltages applied to the PZT actuators. Figure 8(c) is the curve of the nonlinear control gain changed with time. Figure 8(d) is the curve of the nonlinear gain changed with the error. It can be seen from the curves that the nonlinear gain is limited to a certain range and the change trend is consistent with the theoretical analysis.
Comparing Figure 7 with Figures 8 and 9 , it can be seen that it takes about 20 s to suppress the first bending mode vibration by PD control. However, only about 10 s are needed using the designed nonlinear control and T-S fuzzy control to suppress the vibration of the first bending mode. The control voltages of the nonlinear control and T-S fuzzy control algorithms decreased more slowly with the decrease of the vibration amplitude. Moreover, the system can still maintain a strong control effect when the vibration is suppressed to small amplitude. Figures 10(a) , 11(a), and 12(a) show the controlled responses of the first two bending mode vibration, corresponding to PD control, nonlinear control, and T-S fuzzy control, respectively. Figures 10(b) , 11(b), and 12(b) depict the corresponding control voltages applied to the PZT actuators. Comparing Figure 10 with Figures 11 and 12 , it can be seen that the control effect for the first two bending mode vibration by nonlinear control and T-S fuzzy control is also better than that of PD control. The vibration can be suppressed more effectively. Figure 11(c) is the curve of the nonlinear gain changed with time. Figure 11(d) is the curve of the nonlinear gain changed with the error. The change trend of the nonlinear control gain is consistent with the theoretical analysis.
Figures 13(a), 14(a), and 15(a) show the controlled responses of the first torsional mode vibration, corresponding to PD control, nonlinear control, and T-S fuzzy control, respectively. Figures 13(b), 14(b) , and 15(b) depict the corresponding control voltages applied to the PZT actuators. Comparing Figure 13 with Figures 14 and 15 , it can be known that the small amplitude of the first torsional mode vibration cannot be effectively suppressed after 20 s by PD control. However, the first torsional mode vibration can be suppressed to small amplitude after 15 s by nonlinear control and T-S fuzzy control algorithms; the vibration can be suppressed more effectively. Figure 14 (c) is the curve of the nonlinear gain changed with time. Figure 14(d) is the curve of the nonlinear gain changed with the error. The change trend is consistent with the theoretical analysis. The simulation results of active vibration for the connected plate show that the nonlinear control algorithm and T-S fuzzy control algorithm can make full use of the control capability for the actuators. The bending and torsional vibration can be suppressed more effectively.
Experiments
Introduction of experimental setup
The photograph of the experimental setup of the twoconnected piezoelectric flexible plate is shown in Figure  16 . The experimental apparatus of the two-connected piezoelectric flexible plate includes a terminal block, two flexible plates (plates I and II), two connecting plates, and bonded piezoelectric sensors/actuators. In addition, the experimental system comprises two charge amplifiers, a two-channel piezoelectric amplifier, a data acquisition control board, and a computer. The piezoelectric sensors and actuators are bonded to the host structure using strong epoxy adhesive material. Charge amplifiers (YE5850) can amplify the vibration signals measured by the piezoelectric sensor to the range from 210 to + 10 V. The data acquisition and control board (PCI-1710) have eight channels 12 bits of A/D converter and two channels 12 bits of D/A. The output range of the D/A signal is from 0 to + 5 V; an expansion circuit is used to expand the output voltage to the range Modal identification of the two-connected plate structure
In the subsequent experiments, the sampling period of the controller is specified as 2 ms. Similar to simulation, the first three vibration modes are targeted as the control modes, that is, the first two bending modes and the first torsional mode. PD control algorithm, nonlinear control algorithm, and T-S fuzzy control algorithm are used for vibration control of the two-connected plate.
The time-domain vibration responses of the first (or first two) bending or torsional modes are caused by external excitation. To excite the vibration of the first bending mode, an initial transverse displacement of the tip side of the two-connected plate is given. To excite the vibration of the first two bending modes, the twoconnected plate is hit in the vicinity of middle in the length direction. To excite the torsional vibration of the first mode, an initial torsional angle of the tip side is provided by exerting two transverse forces of two tip corners in the opposite direction. When the bending or torsional vibration is caused, the measured vibration by the PZT sensors must always be kept the same vibration amplitude before starting to apply control voltage to PZT actuators to ensure consistent at the beginning of control. The time-domain free vibration response of the first bending mode and the first two bending modes is shown in Figures 17 and 18(a) , respectively. Figure  18(b) is the power spectral density curve of the vibration of the first two bending modes. From Figure  18 (b), it can be known that the modal frequency of the first bending mode is 0.875 Hz and the modal frequency of the second bending mode is 4.5 Hz. It can be seen that the bending vibration will last for a long time without active control.
The time-domain free vibration response of the first torsional mode is shown in Figure 19 (a). Figure 19(b) is the enlarged view on the time axis of Figure 19 (a). Figure 19 (c) is a power spectral density curve of the vibration of the first torsional mode. The modal frequency of the first torsional mode is 3.625 Hz. It can be seen that the torsional mode vibration will last for more than 30 s.
From the above analyses, the modal frequencies between calculated and experiments are different. There may be many factors, which will affect the properties of the experimental system. The main factors, which will cause the difference of the modal frequencies between calculated and experiments, include physical parameter uncertainties, the unconsidered connecting bolt in the connected plate, without considering the connecting wire lines of the PZT patches and the bonding layer and so on.
Remarks. In the experiments, filters are utilized. In order to deal with high-frequency noises, Butterworth low-pass filters are designed and applied. The first two bending modes and the first torsional mode are considered as the targeted modes for vibration suppression. The cutoff frequencies of the fourth-order Butterworth low-pass filter for bending vibration and torsional vibration are set at 8.0 and 6.0 Hz, respectively. To decouple the bending and torsional vibrations, Butterworth band-pass filter and band-stop filter are utilized to the measured signals of the bending motion and torsional vibration, respectively. The fourth-order band-stop filter is designed for the bending vibration with its central frequency of 3.625 Hz, and its stop bandwidth is 8 rad/s. The fourth-order band-pass filter is designed for the torsional vibration with its central frequency of 3.625 Hz, and its pass bandwidth is 8 rad/s. From the tests of experiments, we can know that the designed Butterworth filters can meet the Comparing Figure 20 with Figures 21 and 22 , it can be seen that it takes more than 20 s to suppress the first bending mode vibration using the designed PD controller. However, only about 10 s are needed by the designed variable gain nonlinear control and T-S fuzzy control. The first bending mode vibration can be suppressed more effectively. The control effects of the designed variable gain nonlinear control and T-S fuzzy control decreased more slowly with the decrease of the vibration amplitude, and the system can still maintain The PD control algorithm, nonlinear control algorithm, and T-S fuzzy control algorithm are used to control the vibration of the first torsional mode. For suppressing the vibration of the first torsional mode, the parameters of PD controller are chosen as k p1 = 0:45 and k d1 = 0:045; the parameters of the variable gain nonlinear controller are chosen as k p2 = 0:25, k d2 = 0:03, a = 0:2, b = 4:5, c = 0:3, r = 3, b = 2, g 1 = 2, and g 2 = 0:8; the quantization factors of T-S fuzzy controller are chosen as k e = 0:3 and k ec = 0:01.
Experimental results of active vibration control
The controlled vibration responses of the first torsional mode are shown in Figures 26(a) , 27(a), we can also find that nonlinear control algorithm and T-S fuzzy control algorithm can suppress the first torsional mode vibration more effectively than PD control algorithm. Compared with those of the constant gains PD controller, the nonlinear control algorithm and the designed T-S fuzzy controller can achieve the satisfactory vibration suppression for both the larger and the smaller amplitude vibration control. This is the reason why the nonlinear control algorithm and the T-S fuzzy controller can adjust the control effect according to the amplitude of the measured vibration amplitude. The control gains are lower for the large amplitude vibration. However, the control gains will be enhanced accordingly with the decrease of the vibration amplitude. Therefore, the control value will not reach saturation for the large amplitude vibration; furthermore, the control value will enhance for the lower amplitude vibration due to the adjustable control gains of the nonlinear controller and the T-S fuzzy control algorithm. Thus, the satisfactory vibration suppression will be obtained for both the larger and the lower amplitude vibration control.
Conclusion
In this article, a finite element method is used to build up the model of a two-connected plate with distributed piezoelectric sensors and actuators. The hinged joint is modeled using regular plate elements. The calculated mode shapes and modal frequencies of the finite element modeling method are verified by using ANSYS commercial software. A modified optimization method based on the energy dissipation rate is used for the optimal placement of piezoelectric sensors and actuators. The bending and torsional vibration of the connected plate can be decoupled on measurement and driving control, due to the appropriate placement of PZT sensors and actuators. Then, the system model is split into the bending and torsional state-space models. PD control algorithm, nonlinear control algorithm, and T-S fuzzy control algorithm are used to control the bending and torsional vibration of the two-connected piezoelectric flexible plate. Numerical simulations were carried out based on the obtained model, and experiments were conducted using the constructed experimental setup. The numerical simulation and experimental results demonstrate that the placement of the piezoelectric sensors and actuators can suppress the bending and torsional vibration effectively. Furthermore, the designed nonlinear control algorithm and T-S fuzzy control algorithm can suppress both the larger and the smaller amplitude vibration more effectively than PD control algorithm. 
